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®#{}|§ysg«de;dª§g[sbuadgwryde;g[{}|fª¯{}gs³yª©u+s|§®g[w)Qqu}agiªµu}{+#Ð ¦gfgs+adgfe;gw)rq_uadg®r|d|§ªµ|µuvq
ªµ9{|©uade ½¹¨¦gªs}uawd°tgfg[dª§q@±ot|§wQu³Ð×W|§gf{{}gO­¹{ªµª§#¨x|§wdys¦u}'ys}gÂad|§sjttgÁ±
{s°gÂ­C9e;dªµgfu}wdgs}sb¨¦g%ªs³;{g[[ª§ªuadg%®r|§d|§ªµ|µuvq_ª§9{}|µu}ae |µw2wdg[wt|µ«Ã±
  CÂ	x " º	 .$C"(* /()	 $x*+	
$gu
K
-gOe;9ubs³yds³gfu¦­
R
n w U fe;u¦s}yds}gub­ Rp ±%$¯gfu f : Rn ×U −→ Rn g@9ydwtgU9w9u|µwryd9ysxe'± Ñw2u}ags}g[~Qydgfª7¼-¨¸gs}ydd-9s}g%ua#u
f
|§sjªµtfªµª§qªµ|§s}ad|©u´fwQu}|§wrydys
¨x|µu}a){g[s}gubu}
x
ywd|©­¹9{}e;ª§q@|§w
u
±
 "!$# %'&$(*)&$+&-,/.1032547628+
{wQq'e;gs}yd{dª§gÂfwQu}{ª7¼r¨¸g%tg[wdug
yx(t)
uadgÂu}{+#vgu{q@s}u}|sv­¹qr|§wd
ẏx = f(yx, u) u ∈ U(y)
½¹Q9Á
yx(0) = x
½¾Á
Ñw)®r|§gf¨ ­uadg9wsvu{|µwQux|§®g[w_rq½7Á¼t¨¸gs}gubu}agÂ­¹ª§ªµ#¨x|§wd;tu|µe'ª¯wQu{}9ª-{}9dªµg[e
(Px) min {0, ∃u(·), yx(t) ∈ K
­¹9{ª§ª
t > 0, }
²»gtg ¿ wdgÂu}agO®#ªµydgÂ­¹ywu|µ9w)9s}s}t|#ug['u;u}ad|sbd{dª§gfe Qq
V(x) := Inf(Px)
¨xagf{gluadg®#ª§ydg%­
V(x)
|§sls³ydQs³g_u'g
+∞
|©­u}adgs³gfu­\wsvu{|µwQusb|sxg[eÒduvq±bj­\9yd{+s³g
¨¦gOu}arysxa¬®glu}au
V(x) = +∞
|µ­
x /∈ K
±%jª§s}¼t¨¦gÂa¬®g
V(x) =
{
0
|µ­
∃u(·)
¼
∀t > 0
¼
yx(t) ∈ K
+∞
uadgf{¨x|s³g
`bagfwu}adg à |§d|µª§|µuvq	9Âgf{wdg[ªÃ|§sb9|µ®9gfwQq
à |§
(K) = {x, V(x) = 0} = {x, ∃u(·), yx(t) ∈ K ∀t ≥ 0}.
{xg+a
T > 0
¼t¨¸g%|§wQu}{ttygÂwd#¨ u}adgÂ­¹9ªµª§#¨x|§wd9tu}|§e'ª¯fwQu}{ªÃd{ªµg[e 
(Pτ,x) min {0, yτ,x(t) ∈ K
­¹9{ª§ª
t ∈ [τ, T ]}
¨xagf{g
yτ,x
|s;s³9ªµytu|µ9w­
ẏτ,x = f(yτ,x, u) u ∈ U(y)
½49Á
yτ,x(τ) = x
½7#Á
> 0 ý >@(
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#ËÌÍ+ÎdËfÏ'ËÇ
¾È9Ê Å Æ-Ç9ÊÅµËfÏÌ 
w¨¸g%tg ¿ wdgªs}uadg%®#ª§ydgO­¹ydwu}|§w2ss³tf|§u}g[@u};uad|§sd{}9dª§gfe rq
V (T − τ, x) = min(Pτ,x).
²»gs}gfgOu}au
V (T, x) =
{
0
|©­
∃u(·), ∀t ∈ [0, T ], yτ,x(t) ∈ K
+∞
u}agf{¨x|§s}g
 ¸Ú   ¢	 #ÇË 
¬ËfÇ0
x ∈ K

V (T, x)
Í	  
¬ËfÇ
QËÌ%Æ,¥È#Ç/¬Ì
V(x)
È¬Ì
T → +∞ 
bÇ

²»g ¿ {+s³u{}g[e;{}°Uu}au
T → V (T, x)
|§s%wwtÐÑtg[f{}gs}|µw± Ñwdgfg[¯¼s}ydd-9s}g
T < T ′
± ×­
V (T, x) = ∞
¼¥­¹{@wQq fwQu}{ª
u(·)
¼¸u}adg[{}g)gf«r|s³us
t ≤ T
s³y+aRua#u
yx(t) /∈ K
± or|µwg2ªs³
t ≤ T ′
¼-¨¦gtu+|§w
V (T ′, x) = ∞
± ×­
V (T, x) = 0
¼u}adg[{}g|§sjwduad|µw'u}d{}#®9g± 'g[wg¨¸ga¬®g
V (T, x) ≤ V (T ′, x)
|§wªµª	fs}g[s[±
hj#¨L|µ­
V(x) = ∞
¼tuadgf{gÂg«t|svu+s
T1 > 0
s}y+au}au
yx(T1) /∈ K
±%'jgfwfg¼
V (T1, x) = ∞
¼w
uad|s¸|§e;dª§|µgs¦u}au
V (T, x)
T→∞
→ ∞
ys³|§wdu}adgÂwd9wtÐÑtg[f{}gs}|µwdd{}9g[{³uvq9± ×­uadgf{¨x|§s}g
V(x) = 0
¼
uadgfw
∃u(·)
¼
∀t ≥ 0
¼
yx(t) ∈ K
¼dw
V (T, x) = 0
­¹9{ª§ª
T > 0
± 'g[wgª§s}
V (T, x)
T→∞
→ 0
±
2²»gÂu}adg[w)a¬®gOu}agÂ­¹ª§ªµ#¨x|§wd)½¹¨xad|+a)d{}r­	|sbªµgf­ uu}Òu}ag%{}gtg[{+Á
 ¸Ú   ¢	 ËÆ
ΩT := {x, V (T, x) = 0} 
 ÎdË  ¥ËÂÎdÈ 
¬Ë
(i) ΩT ′ ⊂ ΩT ⊂ K
 #ÇË 
¬ËfÇ0
T ′ ≥ T ≥ 0

(ii) ∩T→+∞ΩT = ViabK 
hj#¨ ¨¦g%d{}9Qs³glu}@fe;dytug
ΩT
­¹{
T
ª§{}9gOg[wdya¯¼dw@u@d{}¬«t|§e;u}g à |
K
Qq
ΩT
±
²»gOu}arysbª§r°Ò­¹{wd{}¬«t|§e'#u}|§w@­¹{
V (·, T )
|§w
K
±²gÂ°rwd#¨ ua#ubu}agl­¹ywu|µ9w
V
s#u}|s ¿ g[s
w '+  g[~Qy#u|µ9w­	uadgÂ­¹ª§ª§#¨x|µwd­¹{e 
Vt − min
u∈U
(f(x, u) · ∇xV ) = 0, t > 0, x ∈ K;
½QÁ
V (0, x) = 0, x ∈ K;
½Á
V (t, x) = +∞, t > 0, x /∈ K.
½Á
×­wgO­uadgÂuv¨¸Ò­¹9ªµª§#¨x|µw;9s}s}yde;tu|µ9wsb{gÂs#u|§s ¿ g
(i) ∃α > 0
¼
∀x ∈ ∂K
¼
∃u ∈ U
¼
ηx · f(x, u) < −α
(ii)
d{ªµª
x ∈ K
¼
A(x) := {u, yx ∈ K} 6= ∅
uadgfw
V
|§sl@9w9u|µwryd9ysx®r|s}f9s}|©uvqs³9ªµytu|µ9w)­½QÁ± 'g[{}g9¼ad#¨¦gf®9gf{¼ru}adgss³yde;tu|µ9ws
(i)
{
(ii){}gxwu¸wg[gs}s{|§ªµqÒs}u}|s ¿ gÃ¼9s}|§wg|µu¸¨¦yª§;|§e;dªµqÒua#u à |
F (K) = K
± 'jgfwfgj|§w@g[wdgf{+ªdu}adg
­¹ywu|µ9w
V
|sxwduj9w9u|µwryd9ys[±×ul|§sxs}ad#¨xwu};-g;s³9ªµytu|µ9w­b½9Á¦|§w2;{}u}|ydª{xs}gfws}g%|§®g[w
rq {wd°#¨s}°#|§wÓï¬Ö×± Ñwu}ad|sxg[{[¼t¨¦gÂd{}9Qs³glu}'fe;dytugÂu}adgÂ­¹ydwu}|§w
V
rq@ys}|µwuadgs}
[ª§ªµg}iªµu}{+#Ð×-gfgÂs}+adg[e;gÒÓ ¼¬Ö¯­¹{buadgt|s}f{}gfu}|s}u}|§w­x½9Á±
`badgd|§s{gu|§s#u|µ9w_­g[~Qyu}|§w¶½QÁ¥¨x|§ª§ª¯gs³u}yt|µg|µw2s}g[u|µ9w±
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$gu\uadgbu{}9gu
C
-gjÂs}yds}guW­
R
n ±\`badgs}yds}gu\­H|µw|©u|§ªs³u#ug[s x ∈ K s³y+aua#u C |§sW{}g+adg|§w ¿ wd|µu}gxu|µe;g-g­¹9{}gx-9ss}|µdª§qª§g[¬®r|§wd
K
QqÒ#uWª§g[9svuW9wdg¦u}{+#vg[u}9{}q
yx(·)
|sWfªµª§g[u}ag £¢C 
	 ¡ Ú
¢d
	 ­
C
|µw
K
w)tg[wdug[2¦tu
F (C)
±
$guys|§wQu}{rdyg_u}adgs³gfu³Ð×®¬ªµyg[·e'
FC
¨xa|§+aRf|§w|tgs¨x|µu}a
F
9ytus}|tg
C
¼\g[~Qyª§su}
0
|µws³|tg
C
w g~9yªs@u u}ag»fwr®gf« arydª§ªl­
{0} ∪ F (x)
w
∂C
± ×­
K
|s) {gf-gfª§ªµg[{@­¹{
F
½¹|7± g9± à |
F (K) = ∅
Á;uadgfw¦tu
F (C) =
à |
FC (K)
±&ju}adg[{}¨x|s³g¨¸ga¬®g|µwLg[wdgf{+ª
à |§
FC (K) =
¦du
F (C) ∪
à |§
F (K)
±
{%y{Oyd{}-9s}g¼Ãª§gu
T > 0
± $¯gfu
χC
g;uadg'f{9u}g[{}|s³u}|%­¹ydwu}|§w¶­
C
¼|7± g9±Òtg ¿ wdgKrq
χC(x) := 0
|©­
x ∈ C
w
χC(x) = +∞
u}agf{¨x|§s}g±-$¯gfu
ϑT (t, x)
w
ϑ̂T (t, x)
-gtg ¿ wdg[rq
ϑT (t, x) := min
τ∈[t,T ]
{χC(yt,x(τ)), ẏt,x(s) ∈ F (yt,x(s))
w
yt,x(s) ∈ K
­¹{
s ∈ [t, τ ]},
w
ϑ̂T (t, x) := min{χC(yt,x(T )); ẏt,x(s) ∈ FC(yt,x(s)),
w
yt,x(s) ∈ K
­¹{ªµª
s ∈ [t, T ]}.
hj#¨ ¨¦gtg ¿ wgluadg £¢	  	¡ Ú ¢d
	  Ú×Þ ¡ Ú  
	  Ú
T
Qq
¦tu
F (C; T ) := {x ∈ K, ϑT (0, x) = 0}.
Ñw{}u}|yª§{[¼
T →
¦tu
F (C; T )
|§sO|§w{g[9s³|§wd'­¹9{luadgÒ|µwfªµys³|§w¯¼¯wKª§s}_¨¦g ¿ wUuadgÒys³yª
[tuyd{gOs}|µw)s
T → ∞

lim
T→∞
¦tu
F (C; T ) =
¦tu
F (C).
×u;|§swdu;t|@ydªµuÒu}»tu+|§w ½¾9s}s}yde;|µw
F
|skU{+ayÃ¼\w |§w {³u|§fydª§{ua#u
F (x, U)fwr®gf«'­¹{ªµª
x
Á¼duadg%|tgfwQu}|µuvq@­	uadg%d{gf®r|µ9ys¦®#ª§ydgO­¹ydwu|µ9ws
ϑT (t, x) = ϑ̂T (t, x).
'jgfwfgÂ¨¸g%a¬®9gOª§s}
¦tu
F (C; T ) := {x ∈ K, ϑ̂T (0, x) = 0}.`bagj­¹ydwu}|§w
ϑ̂
|§sb®#ª§ydg­¹ydwu}|§w­Cw@9tu}|§e'ªÃ9w9u{}9ª{}9dªµg[eá½¹e;{gjd{g[f|§s}gfª§q¼t  Ë  ËfÉ
 #ÄrÌxd{dª§gfe¨x|µu}a¶svu+#u}g;9ws³u}{+|§w9u+sÁ± Ñw»{³u|§fydª§{j¨¦gÒ[wKs³uu}g;dqQwe;|§d{{+e;e;|§wd
{}|§w|§dª§gO­¹{
ϑ̂
½¹­¹{
t + ∆t ≤ T
Á
ϑ̂T (t, x) = min
yt,x
ϑ̂T (t + ∆t, yt,x(t + ∆t)),
½9Á
w
ϑ̂T (T, x) = χC(x).
½¬Á
¨xagf{g
yt,x
{gs³9ªµytu|µ9wsb­
ẏt,x ∈ FC(yt,x)
9w
[t, t + ∆t]
±¦iwtg[{ls}e;gÂu}g+adwd|fª¯s}yde;tu}|§ws[¼
ϑ̂
s}u}|s ¿ gs%ªs³)w '+  g~Qy#u|µ9w|§w·9gfwdg[{ªµ|§´fgKs}gfws}g2½¾s}gfg)Óï¬Ö¹Á± Ñw»{+tgf{Ou}Udd{¬«t|µe'#ug
¦tu
F (C; T )
¼ru}adg%ªs³ug[~Qyu}|§wsÂ½9ÁÑÐ+½¬Á¸¨x|§ªµª¯-gt|s}f{}gfu}|§´fg_|§wu}adg%wdgf«rujs³gu}|§w±
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
²»gls}aªµª-d{g[s}gfwQuWu}agOijª©u{Ð7-gfg½4i xÁ¸s}+adg[e;gx­¹{¸u}adg '2+  g[~Qy#u|µ9wK½QÁ\|§w_s}fgjt|§eÒg[ws}|µ9wt¼
ys³|§wd%uad{}g[gls³u}g[s C¨¦g ¿ {+svu¦d{}gs³g[wQuWu}adgOi  s+adgfe;gx­¹9{¥ª§|µwdg{¦t®9g[u|µ9w'|µwK[Ã¼9u}adg[w@|§wÃ¼rw
¿ wª§q@|§w)@­¹9{bu}adg'+  g~Qy#u|µ9w¯± d{x{9u}|fªHdyd{Qs³g9¼ru}adg
+∞
®#ª§ydg%fw-g%{}g[dª§9g@rq
+1
¼dw|µw){³u|§fydª{¦u}adgfwd|©u|µ9w»½[Áb[wg%{gfª§9g[rq
V (t, x) = +1
|µ­
x /∈ K.
½¾ÕQÁ
(5 ÌfÍ+ÎdËfÏ;Ë#Ç 'Å  Ë+È#ÇÈ 
#Ë+ÍÆ1 

²»g9ws³|tg[{bu}adgt|s{gu}|s#u}|§w­
{
vt + f(x) vx = 0, t > 0, x ∈ R
v(0, x) = v0(x)
½9Á
¨xagf{g
x → f(x)
|§sÂª§|§s}+a|©u´ÐÑwQu|µwd9ys[¼wKu}ag'|µwd|µu}|ª¸wt|©u|µ9w
v0
|§s9s}s}yde;g[|§w
L1loc(R)
±
$gu
(xj)
s³y+a'u}au
xj+1 −xj = ∆x
w
tn = n∆t
glydwd|µ­¹{e s³9gjwÒu}|§e;glt|s{gu}|s#u}|§wsf¼
¨xagf{g
∆x, ∆t
{gbu}adgjeÒgs³a@s}|§´fg[s[±-$¯gu
V nj
tgfwdu}gsW%wryde;gf{|§[ªddd{¬«r|§e'#u|µ9wuÂu}adgOs³9ªµytu|µ9w
v(tn, xj)
¼`badg%i Ls}+agfe;gO­¹{½QÁ¸u°g[s¦uadgO­¹ª§ªµ#¨x|§wdÒ­¹{e 
V n+1j − V
n
j
∆t
+ f(xj)
V n,L
j+ 1
2
− V n,R
j− 1
2
∆x
= 0,
½v9Á
¨x|µu}auadg%|µw|©u|§ªµ|§´[u}|§w 
V 0j :=
1
∆x
∫ x
j+ 1
2
x
j− 1
2
v0(x)dx,
½v9Á
¨xagf{g
xj+ 1
2
= xj +
∆x
2
±-'g[{}g
V n,L
j+ 1
2
w
V n,R
j+ 1
2
{g¦wQyeÒg[{}|fª¦ÄQËÌ¯ua#u¥¨x|§ª§ªdgdg ¿ wdgÒg[ªµ#¨%±
²»g%¨x{|©ug;½³[QÁ¥|§wu}adg%g~Qyd|µ®#ªµg[w9uxwd9wtÐÑws³g[{}®##u|µ®9g­¹9{}e 
V n+1j = V
n
j − νj
(
V n,L
j+ 1
2
− V n,R
j− 1
2
)
,
½³Á
¨xagf{g
νj :=
∆t
∆x
f(xj)
|s ³ªµtfª	*-$ %wQye-gf{±\²g9s}s}yde;gOu}au
|νj | ≤ 1 ∀j
± Ñwuadgf9s³g
νj = 0
¼d¨¦gOu}arysfws}|tgf{
V n+1j = V
n
j
¼dwu}adg
	yd«rgs
V
n,R/L
j+ 1
2
wdgfgwuxu};-gtg ¿ wdg[Ã±
²»g ¿ {+svus}gu
|©­
νj > 0,
{
b+j := max(V
n
j , V
n
j−1) +
1
νj
(V nj − max(V
n
j , V
n
j−1)),
B+j := min(V
n
j , V
n
j−1) +
1
νj
(V nj − min(V
n
j , V
n
j−1)).
½³[9Á
|©­
νj < 0,
{
b−j := max(V
n
j , V
n
j+1) +
1
|νj |
(V nj − max(V
n
j , V
n
j+1)),
B−j := min(V
n
j , V
n
j+1) +
1
|νj |
(V nj − min(V
n
j , V
n
j+1)),
½³fQÁ
ý	ý ð3ü"ú
Õ  bÅ 
¾ËfÇ %#    	 #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hj#¨%¼t¨¸g%tg ¿ wdgÂuadg  	yd«rgs 
V n,L
j+ 1
2
w
V n,R
j+ 1
2
9s¦­¹ª§ªµ#¨sÂ½4s³g[g'Ó ¬Ö¹Á
•
×­
νj > 0
u}adg[w)dg ¿ wdg
V n,Lj+1/2 := min(max(V
n
j+1, b
+
j ), B
+
j ) 
•
×­
νj < 0
u}adg[w)dg ¿ wdg
V n,Rj−1/2 := min(max(V
n
j−1, b
−
j ), B
−
j )
±
•
×­
νj ≤ 0
w
νj+1 ≥ 0
¼du}adg[w)dg ¿ wdg
V n,R
j+ 1
2
:= V nj+1
w
V n,L
j+ 1
2
:= V nj .
½³Á
•
×­
νjνj+1 > 0
¼ruadgfwUtg ¿ wdg
V n,R
j+ 1
2
:= V n,L
j+ 1
2
½¹|µ­
νj > 0
Á¸{
V n,L
j+ 1
2
:= V n,R
j+ 1
2
½¹|µ­
νj+1 < 0
Á±
{xsvu+d|§ª§|©uvq@w_fwr®g[{}9gfwfgxd{}9g[{³u|µgs¦­¯uad|§sbs+adgfe;g9¼Q¨¦gO{}gf­¹gf{¸u}Ó Ö7±Whju}glu}a#ub|µwu}adg
[s}g
νj > 0 ∀j
¼¨¦g;a¬®g
V n,R
j+ 1
2
= V n,L
j+ 1
2
wUuarysf¼Ctgfwu}|§wd
V n
j+ 1
2
= V n,L
j+ 1
2
¼u}adg@s+adg[eÒg2½³Á
u+°9g[s¸u}adg%e;9{}g%s}|µe;dª§gÂ­¹{e
V n+1j = V
n
j − νj
(
V nj+ 1
2
− V nj− 1
2
)
.
(5 ÌfÍ+ÎdËfÏ;Ë#Ç 'Å  Ë+È#ÇÈ 
#Ë+ÍÆ1 

hj#¨ ¨¦gÂfws}|tgf{buadg%g[~Qyu}|§w
vt + f1(x, y)vx + f2(x, y)vy = 0.
½v 9Á
v(0, x, y) = v0(x, y)
½v Á
²»g%9ws³|tg[{b;[{}u}g[s}|w_e;gs³a
(xj , yk)
¨x|µu}a2fws³uw9ube;g[s}as}|§´fg[s
xi+1 − xi = ∆x
w
yj+1 −
yj = ∆y
¼w9s}s}yde;gOu}adg*-$·fwt|µu}|§w
max
i,j
(
max
(
|f1(xi, yj)|
∆x
∆t
, |f2(xi, yj)|
∆y
∆t
))
≤ 1.
½vÕ9Á
`bagi  s+adgfe;g_½³9Áx|sjgf«Qugfwdg[)u½v 9Ábrq)ys}|µw_s³|§e;dª§q)`{u}u}g[{ls}dªµ|µu³u|µw½¾s}gfgÓ Ö Á±l`badg
|§wd|µu}|ª§|µ´#u|µ9ws³u}g[|s
V 0i,j =
1
∆x∆y
∫
Ii×Jj
v0(x, y) dx dy
½v 9Á
¨xagf{g
Ii = [xi −
∆x
2 , xi +
∆x
2 ]
w
Jj = [yj −
∆y
2 , yj +
∆y
2 ]
±O`bagfwK¨¦g ¿ {+s³uO9e;dytu}g
(V n,1i,j )­¹{e
(V ni,j)
rq_s}ª§®r|µwÒ9wdgOu}|§e;gsvugf­Cu}adgi  s+adgfe;gÂ|µwuadg
x
t|§{}gu}|§w­¹{
vt + f1(x, y)vx = 0
­¹9{bg[+a_|§®gfw
y = yj
±%C|µwªµq'¨¦gOtu+|§w
(V n+1i,j )
­¹{}9e
(V n,1i,j )
rq@s³9ªµ®r|§wd9wdgOu}|§eÒg%s³u}g[_­	u}adg
i  s+adgfe;g%|§w_uadg
y
t|§{g[u|µ9w_­¹9{
vt + f2(x, y)vy = 0
­¹9{Wg[9+a;|§®gfw
x = xi
±`bagO*-$2wt|©u|µ9wU½vÕ9ÁC|s\w#uyd{+ªd-g[[ys}gxadgf{gx¨¦gws³|tgf{¸%`{u}u}gf{
s}dª§|©u}u}|§wd± ªs³¼Ã­¹{O9ydwd{}qUfwd|©u|µ9wsO¨¸g;+adr9s}guadg;®¬ªµyg
V ni,j = 1
|©­
(xi, yj) /∈ K
sO|µw
½4Õ9Á±
> 0 ý >@(
  È  Æ É ÄrÌ	
#ËÌÍ+ÎdËfÏ'ËÇ
¾È9Ê Å Æ-Ç9ÊÅµËfÏÌ 
¦± $9ytu|µc[{}gxÓ #Örd{#®gjuadg¥®9gf{qj|§wQu}gf{g[s³u}|§wd{}9g[{³uvqlu}auuadg¸i »s+adg[eÒg¸t®9g[u+s¯gf«t9uªµq
{³u|§fydª§{Ofª§9s}sl­bsvugfK­¹ydwu|µ9ws[¼¯|µwKu}adg'[s}g­¸9wsvu+wQu%t®9g[u|µ9w¯±d9{Â|µws³uwg9¼H­¹{¬Ð
d|µe;gfws³|§wª¸{}9dªµg[e'sf¼\ª§gu
u0
s³y+a u}a#u
V 0ij
|§wd|©u|§ªµ|§´fgR9s|§wL½³ 9Ág[ªµ9wd9su}u}ag_­¹9ªµª§#¨x|µw
s}9g
S

S := {(Vi,j), ∀(a, b) ∈ {0, 1, 2}, V3i+a,3j+b = V3i,3j} .
¸9ws}|§tg[{;u}adgUi  s+adgfe;g­¹{
vt + f · ∇v = 0
¨xadg[{}g
f = (f1, f2) = const
|s@·9ws³uwQu
9t®gu|µ9w»®9g[u}{­
R
2 ±U`bagfw¯¼\ss}yde;|µwdUu}adg*-$Lwt|©u|µ9w max(|f1| ∆t∆x , |f2|∆t∆y ) ≤ 1
¼C¨¸g
a¬®g
∀i, j
w
n ≥ 0

V ni,j =
1
∆x∆y
∫
Ii×Jj
v(t, x) dx
¨xagf{g
v(t, x) = v0(x − ft)
|s¦u}adg%gf«t9us}ª§ytu}|§w¶½¾s}gfg%ªs}Ó #Ö¯­¹9{beÒ9{}gÂ9gfwdg[{ª­¹ywu|µ9wsbu}a#u
{}gOg«d9u}ª§q_9t®gu}gÁ±
×u|sÃuad|sÃg«duÃu}{+wd-{}uu}|§wOd{-gf{}uvq¼¨xad|§+a%f{{}gs³-ws-u}w  fwQu}|t|s}s}|µ#u}|§®g  ¯-gfa¬®Q|§{
­uadgji Rs+adgfe;g¼¨xad|§+a'e;u}|§®¬u}gsys\­¹9{\ys³|§wd%|µu¥|§w­¹{wQuWd{9u}|§wd{}9dª§gfe's\s³y+a;9s½QÁ±
×ux|sbªs³Òwryde;gf{|§[ª§ªµq;s³g[{}®9g[;ua#ux|µ­
V 0i,j
trg[s¦wdub-gfª§wuuadg%ªss
S
¼ru}adg[w
V ni,j
u}g[wds¦u}
-g%®g[{}q@fªµQs³gOu;­¹ydwu}|§w2s}fg%s³y+a)s
S
­ u}gf{­¹g[¨ u|µe;gs³u}gfsf±²»g%{}gf­¹gf{bu}'lz[s}d{c[sxw
$	9ytu|µc[{}g9Ó Ö¯­¹9{xu}agf{x|§w9ugf{g[s³u}|§wd;d{-gf{}u}|§g[sb­	u}adgi  s+adgfe;g9±
/xÉ (5TÌfÍÎËÏ'Ë

²»g%wd#¨Lfws}|tgf{¦u}agt|§s{gu|§s#u|µ9w­Cw '+  g[~Qy#u|µ9w­uadgÂ­¹{e 
vt − min
u∈U(x,y)
(f(x, y, u) · ∇v) = 0, t > 0, (x, y) ∈ K.
½49Á
²»gO9s}s}yde;guadg* $»9wt|µu}|§wK½³[ÕQÁ±\`badgO|µwd|µu}|ª§|§´[#u|µ9w@­
V 0i,j
|s¸t9wdgÂs¸|µw»½v QÁ± ¦u¥u|µe;g
t = tn
¼­¹9{l'9|µ®9gfw
(xi, yj)
¨¦g9ws}|§tg[{
(uk)k=1,...,N
'9|µ®9gfw2t|s}f{}gfu}|§´[#u|µ9w)­\u}agte;|s}s}|§dªµg
s}gu
U(xi, yj)
±l²gÒtgfwdu}grq
V n+1,UBi,j (u)
uadgi Ts+adg[eÒgtu+|§wdg[)­¹{e
(V ni,j)
rqys}|µwd_u}adg
9t®gu|µ9w
f(·, u)
¼d|7± g±§¼twdgÂu|µe;gs³u}gf­Cu}agi  s+adg[eÒgO­¹9{
vt − f(x, y, u) · ∇v = 0.
`bagfwu}adg'+ Ls}+adg[e;gO|sb|§®g[wrq
V n+1i,j = minuk
(
V n+1,UBi,j (uk)
)
.
½7tÁ
²»g2{g­¹gf{;u Ó Ö­¹{ ¿ {s³u@dªµ|fu}|§ws;­luadg }iªµu}{+#Ð×g[g)s+adg[eÒgu¶u}adg2{g[s}ª§ytu}|§w ­'2+ 
g~Qy#u|µ9wsW¨x|µu}at|§s9wQu}|§wdys¸|§wd|©u|§ªÃd#u+d±`badgOs+adg[eÒgOs³g[gfe's¸¨¸g[ªµªHdtu}g;u}u}{g[u¦t|swQu|µwtÐ
yysÂs}ª§ytu}|§ws%w|µw»{}u}|yª§{l¨xadg[w»u}adg;®#ª§ydgÒ­¹ydwu}|§w»u°g[sO9wdªµq)uv¨¦)®#ª§ydg[s;½
0
w
1
Á±
'j#¨¸g[®g[{[¼Qd{g[s}gfwQu}ª§q@¨¦gÂd'wduxa¬®9gÂ;fwr®g[{}9gfwfgjd{r­	­uadg'2+ ¸Ð×i  s}+agfe;gO­¹{½49Á±
/xÉ (5TÌfÍÎËÏ'Ë#ÇÆ¹ÎdËÒÍ	#Ï2-ÄtÆÑÈ#Æ1  ÈÍ+È	-Æ7ÄtÇ}ËÊ+È¬Ì0  ÊË#ÇËÆ Ï'Ë
T`badg'ªµ9{|©uade ­¹{%9eÒytu}|§wd2[tuyd{g9s}s}|§w¶¦du
F (C; T )
-g­¹9{}gÒu|µe;g
T
¼H­¹{%|§®g[w
u+{gfu
C
¼	|§s%u}adg;­¹9ªµª§#¨x|µw|§w»u}adg_¶s³gfu³u}|§wd±'gf{g'¨¦g;9s}s}yde;gÒu}au
x ∈ R2
±lyd{|§e |sÂu}
ý	ý ð3ü"ú
  bÅ 
¾ËfÇ %#    	 #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d|§s{gu|§s}g¼­¹{Â@9|µ®9gfw
T > 0
¼-uadg­¹ywu|µ9w
V (t, x) := ϑ̂T (T − t, x)
¨xadg[{}g
ϑ̂T
9g[qtsjg~QsÒ½Á±
`bagO-ywd{q_fwt|µu}|§w|s
V (t, x) = 1, (x) /∈ K,
w_u}adg%|§wd|µu}|ªfwt|µu}|§w|s
V (0, x) = 1K\C(x), (x) ∈ K,
|7± g±u}ag%®¬ªµygl­¹9wu|µ9w)|§s
0
w
C
9wdª§q±
²»g ¿ {+svu'{gfe'{°»u}au'wrq s}ª§ytu}g[ªµq fwQu}|§wrydysÒs}ª§ytu|µ9wR­lu}adg2t|µÀHgf{gfwQu}|ªx|§wª§ys}|µ9w
ẏ ∈
FC(y)
9{}{g[s}-wdslªs³_u})s}ª§ytu|µ9wK­
ẏ = fC(y, u, v)
­¹{%|§®g[w
(u, v) ∈ L∞
(
[0, T ], U ×
{0, 1}
) ¼t¨xadgf{g
fC(x, u, v) :=



f(x, u)
|µ­
x ∈ K\C,
w­¹{
u ∈ U,
vf(x, u)
­¹{
x ∈ ∂C, u ∈ U,
w
v ∈ {0, 1},
0
uadgf{¨x|s³g9±
Ñw'9{dgf{\ut|s}f{}gfu}|s³gbuadgltqrwe;|§
fρ
¼Q¨¸gltg ¿ wgj%{+t|§ys
ρ := (∆x2 +∆y2)1/2
¨xadgf{g
∆x
w
∆y
{}gu}adg;e;g[s}a¶s³|§´fgsf¼¯w
Cρ := {x ∈ K, d((x, y), K\C) ≥ ρ}
¼¨xadgf{g
d
|slu}adg .Wyfªµ|t|w
d|§s³uwg@½
Cρ
|s's³ys³gfu­
C
Á±b`badg[w¨¦gfws}|§dgf{b­¹{
u ∈ U(x)
w
v ∈ {0, 1}
u}adg%­¹9ªµª§#¨x|§wd
dd{¬«t|µe'#ug[tqrwe;|
fρ

fρ(x, u, v) :=



f(x, u)
|©­
x ∈ K\C,
vf(x, u)
|©­
x ∈ C\Cρ,
0
|©­
x ∈ Cρ.
½7Á
hjuglua#u¨¦g%tg[dygÂ­¹{en½#QÁbÒdqQwe;|§Od{9{e;eÒ|§wdd{}|§wf|µdª§gÂ­¹{
V

V (t + ∆t, x) = min
(u,v)∈U×{0,1}
V (t, yt,x(t + ∆t)),
½49Á
¨xagf{g
y = yt,x
|§s_u}adgs³9ªµytu|µ9w ­
y(t) = x
w
ẏ = fC(y, u(s), v(s))
w
[t, t + ∆t]
± Ñw
uadg¶fs}g»¨¸ga¬®gwdª§q wdg»|§®g[w 9wQu}{ª
(u(s), v(s))
­¹{
s ∈ [t, t + ∆t]
¼lu}ag»s}ª§ytu}|§wL|§s
V (t + ∆t, x) = V (t, yt,x(t + ∆t))
u¦u|µe;g
tn+1 = t + ∆t
± ×ux|§s¦uarysxd{}¬«t|§e;u}g@rq;u}adgi 
s+adg[eÒgQq);®#ª§ydgdgfwdu}g[
V n+1,UBi,j (u, v)
¼9tu|µwdg­¹{}9e uadg®#ªµydgs
V ni,j
#uu|µe;g
t = tn
½¾|µw
uadgg[ªµª¯fgfwQu}g[{}g_|§w
xi,j
Á±%'jgfwfg%¨¸gÂd{-9s}glu}adgÂ­¹9ªµª§#¨x|µw;s+adg[eÒg 
V n+1i,j = min
uk , v∈{0,1}
(
V n+1i,j (uk, v)
)
.
½7#QÁ
½¾¨xadgf{g
(uk)k=1,...,N
|sx;|§®g[wt|s{gu}|§´[u}|§w­	u}adgs}gu
U(xi,j)
Á±
hju}gO|§w_­¾9u¦u}au¸uad|§sbs+adgfe;gÂ9{}{g[s}9wds¥g«du}ª§quuadg'2+ ¸Ð×i  s+adg[eÒgÂdªµ|§g[@u}u}adg
­¹9ªµª§#¨x|§wd  ­¹{e'ª  2'+  g~Qy#u|µ9w 
vt − min
u∈U(x), v∈{0,1}
(fρ(x, u, v) · ∇v) = 0, t > 0, x ∈ K.
½79Á
> 0 ý >@(
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`ba|§sb|sx¨xarq@¨¦gÂs}aªµª¯ª§s};{}gf­¹gf{bu}Òuad|§sjs}+adg[e;gÂ9sxw '2+ ¸Ð×i  s}+agfe;g±
-Æ&	    
@ÍfÇ0 Æ×ËfÇ0¾È

d9{Wu}agl9e;dytuu}|§w'­%®r|§d|µª§|µuvq°9gf{wdgfª{¥fdu}yd{gxs}|§w@ys}|µwdu}adgOi 
s+adg[eÒg9¼duadgd{|§w|§dª§g|§s ¿ {+svuu@gf®9ª§®g%|§w2u}|§e;gw2e;dydu}gs}e;gdd{¬«t|µe'#u|µ9w­
V (t, x)ys³|§wd'uadg '+ ¸ÐÑi Tª§{|µu}ade)¼	½¾ys}|µwd;u}|§e;gs³u}g[
∆t > 0
s#u|§s³­¹qr|µwd;uadg;*-$ºwt|©u|µ9w [ÕQÁ±
`bagfwK¨¦gdg[|tgu})svu2uadg;s}+adg[e;g¨xadg[wUuadg®#ªµydgs
V ni,j
{gwryde;gf{|fª§ª§q)fwr®g[{}9|µw±l`ba|§s
e;gwsj|µwU{}u}|ydª{ju}auju}agftu}y{}gs}|µw»¦tu
F (C)
|sldd{¬«r|§e'#ug[rqU¦tu
F (C; T )
­¹{
s}e;g
T > 0
± Ñwd{9u|§fg¼-­¹{lu}adg ¿ {+s³uluv¨¦@ug[s³usO­Wuadg­¹ª§ªµ#¨x|§wds}g[u}|§w¯¼-uadg'i  s+adgfe;g|s
s³u}9d-g[¨xadgfwu}ag~9ywQu}|µuvq
||V n − V n−1||L1 := ∆x∆y
∑
i,j |V
n
i,j − V
n−1
i,j |
s#u|§s ¿ g[s
||V n − V n−1||L1 ≤ 10
−4.
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b$¸*¶	xÃC
ÑwuadgÂ­¹ª§ªµ#¨x|§wd;wryde;gf{|§[ªHug[s³us[¼d­¹{buadg®r|d|§ªµ|µuvq_ªµ9{|©uade)¼t¨¸g%a¬®9gÂys³gu}adg%9s³|Â®g[{s}|§w
9sbd{g[s}gfwQu}g_|§wÓ Õ#Ö×±
 ¢   Ú v£ Þ C Þ   ¢d  	 Þ  C¡ Þ   Ú  ²»g;ws³|tgf{Ouadg{}9dªµg[eá­¸fe;dytu|µw_uadg;®Q|#Ð
|µª§|©uvq_°gf{wdg[ªH­¹{
ẋ(t) = x(t) − y(t),
½7 99Á
ẏ(t) ∈ [−c, c],
½4 Á
¨x|µu}a
c = 1/2
¼¸w u}adgUfws³u}{+|§wQus
x(t) ∈ [0, 2]
w
y(t) ∈ [0, 3]
±º`ba|§s'f{{}gs³-wsu»
fws}e;e'#u|µ9w{}9dªµg[e Ó Õt¼C¬Ö7± 'g[wg'adg[{}g
K := [0, 2] × [0, 3]
wuadg_9{}{g[s}-wt|§wdu}|§e;g
dgf-gfwdwQul '2+  d{dª§gfe |s
Vt + max
u=±c
(−f(x, y, u) · ∇v) = 0, ∀t > 0, ∀(x, y) ∈ K,
V (0, x, y) = 0, ∀(x, y) ∈ K,
V (t, x, y) = 1, ∀(x, y) /∈ K, t ≥ 0,
¨xagf{g
f(x, y, u) =
(
x − y
u
) ±Ò²»g'a¬®9g{gfdªfg[Ku}adg
+∞
®#ª§ydg;rq
1
­¹{fe;e;rd|©uvq9¼w
s³u}|§ª§ª¯a¬®g
Ωt = {x, V (t, x) = 0}
±
²»ga¬®9g%dªµu³ug[)|§w 	|§±O%uadg{g[s}ydª©u+sx|§®g[w)Qq_u}adg®r|§d|µª§|µuvqª§9{}|µu}ae w)rq_u}adg'+ ¸Ð
i s+adgfe;g¼H­¹9{Â®¬{}|§ysle;gs³a¶s³|§´fg)½
Px = Py = 50
w
100
Á± d{Ouadg@i s+adg[eÒgÒ¨¦ga¬®9g
ys³gKu|µe;g@s³u}g[s
∆t ' 0.013
w
0.007
{g[s}gu}|§®g[ªµq9¼w»s³u}9d-g[u}adg@fe;dytu+#u|µ9w¶uÂu}|§eÒg
tn = n∆t = 5
d{}¬«t|§e'#u}ª§q±2²»g_a¬®g_ª§s}2ys}g[
Nu = 2
½
u ∈ {−c, c}
Á±U`bag_dª+°»ªµ|§wdgs
dgfª§|µe;|µuxu}adg%-{+tgf{x­uadg%g«dus³9ªµytu|µ9w¯±
hju}gOua#u¦u}adgÂ®r|d|§ªµ|µuvq@ª§9{}|µu}aeØfe;dytug[s¦®#ª§ydg[s
0
{
1
± Ñw_9yd{xª§{|µu}ade)¼Q¨¸gÂ9eÒytu}g
®#ªµydgsx¨xad|+a2{g
0
{
1
¼{js}e;g%|§w9ugf{e;g[t|{q@®#ª§ydg±¦`badg|§wQu}gf{e;g[t|{q@®#ª§ydgs{g%s}gf{®g
u'gª§¨¦¬qts¦w2  +­¹{wQu|µg[{  l¨xad|+a)wd¨x|§rua2|§sj-ytuj9wdg%{buv¨¦'e;g[s}a2s³|§´fg9±¸`badgg[{}{{b9w
ý	ý ð3ü"ú
¬  bÅ 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ad|sO­¹{}9w9u|µg[{Â|§sÂwdut|©ÀHys}g[rq2u}adg's+adgfe;g2½ uu}adg'9wQu}{+{qu)eÒQsvuÂwryde;gf{|§[ªe;guadtdss
otgfe;|©Ð,${+wd9|§w%{ ¿ wd|µu}gd|©ÀHgf{gfwfgbeÒgfu}adtds+Á¼9dytu¥s³u¬qtsC¨¸g[ªµªtª§tfªµ|s³g|§w'Os}e'ª§ªrwd¨x|§rua¯±
Ñw C|§±ØKw u}adgU­¹ª§ªµ#¨x|§wd¼¦uadgs}e'ª§ªjdª+° s}~Qy{}g2{gf9|µ9ws;{}g[d{g[s}gfwQu'u}adg»9eÒytu}g
®r|d|§ª§|©uvq@°9gf{wdgfª\½¾{ftu}y{}gÂ9s³|§wÁ±
{lu}adg;i  s+adgfe;g9¼uadgÒdª§9+°s~Qy{g{gf9|µ9wsj{}gss³t|#ug[)¨x|µu}aKu}adgÒ9|µwQu+sl¨xagf{g
0 ≤
V nij ≤ ε
¨x|µu}a
ε = 10−10
½ uadgl-|§wQus¥­¹{}9e ¨xa|§+a@¨¦gls}ad9ydª§@gOdª§gxu}{}g+a;uadgu+{gu¸|µw'u|µe;g
ª§g[ss}gf{lu}aw9{Og~QyªCu}
tn
Á

u}agÒ9{}g[q29|µwQu+sl{gf{}gs³g[w9u+slu}adg;e;g[s}aK-¬«K¨x|µu}a¶wK|§wQu}g[{}e;g[d|§{}q
®#ªµydgO­
V ni,j
-guv¨¦gfg[w
0
½¾dª+°dÁ¥w
1
½¹¨xad|µu}g¬Á±Wk29{}gld{g[|s}gfª§q¼Qu}adgs³gO-¬«rgs¸{}gO{gfd{g[s}gfwQu}g;|©­
ε ≤ V ni,j ≤ 1 − ε
±W`bad|§sj{{g[s}9w;u}'e;gs³a¬«tgsb¨xadgf{gOu}adgt|swQu|µwryd|µuvq@|sxtgug[ug[Ã±
 ¢   Ú   WÚ ¡  Ú  Þ C¡ Þ   Ú  Ñw»u}ad|s%gf«te;dªµg9¼¯¨¦g@e;dydu}g;u}ag@fdu}yd{g;s}|µw­¹{
 -gf{e;gfª§¥{}9dªµg[e  
ẋ(t) = 1 − ay(t)2 + u cos(θ),
½4 9Á
ẏ(t) = u sin(θ)
½7 #Á
|§w u}adgUde'|§w
(x, y) ∈ K := [−6, 2] × [−2, 2]
¼¦wº­¹{@fwQu}{ªs
0 ≤ u ≤ umax := 0.44
¼
θ ∈ [0, 2π[
¼t¨x|µu}a
a = 0.1
±\`badgÂu{}9gux|§sx+a9s}gfwadgf{g%s¦u}agOª§ª
C := B(0, r)
¨x|µu}a
r = 0.44
±
`badg%®r|d|§ª§|©uvq_ªµ9{|©uaden½4s³g[g'Ó ¬Ö	|µwu}a|§s[s}gÁ¦w_uadgi Ls}+agfe;g%{gÂfe;{}g@|§w 	|§±ït¼
¨x|µu}a
Px = Py = 100
±d9{luadg;i s+adgfe;g9¼-¨¦gÒa¬®gys³g
Nu = 20
-|§wQusÂw
dt ' 0.019
±
uadgs³u}d|µw;f{}|µu}g[{}|¨¦9s
||V n − V n−1||L1 ≤ 10
−4 ¼d¨xad|+a)9¬®9gl's³u}d|µwu|µe;g t ' 7 ±`badg@f|µ{+ª§g'tgfª§|§eÒ|µus%u}adg;-{+tgf{%­¥u}ag;u{gfu[¼wKu}adg'dª+°Kªµ|§wdg[s%ª§s})tgfª§|µe;|µuu}agÒgf«du
[tuyd{g9s³|§wR½¹¨¦ga¬®gfe;dytug[2uadgÒªµ|§e;|©uOu}{+#vgu}9{}|§g[sjrqys³|§wd@uadgÒC9wQu}{q99|µw2¥{}|§w|§dª§g¼
s}gfg ¦{qrs}ww '2Ó§Ö¹Á±
hju}g_u}au29Qt¶d{gfª§|§eÒ|§w{}q»dd{¬«t|µe'u}|§w»|§sªs³U9tu|µwg[¶rqKuadg_i  s+adg[eÒg'g[®g[w
¨x|µu}a@%s}e'ª§ªdwryde-gf{¸­He;g[s}a'9|µwQus[±-d{¥|µws³uwgj|µw C|µ± ¨¸gxa¬®9gbys³g
Px = Py = 20
½¹¨x|µu}a
se;gÂwryde-gf{x­fwQu}{ªs[¼rw
∆t ' 0.27
Á±
 ¢   Ú  Ñw%uad|§s	g«deÒªµg9¼¨¦g¥fe;dytugWu}ag  [tuyd{gWs}|§w  	­¹{	u}adg¥­¹ª§ªµ#¨x|§wdj%{}uu}|§wª
dqQwe;|§ 
f(x, y, u) =
(
y
−x
)
9wKuadg@t9e;|µw
K = [−1, 1]2
±@`badgÒu{}9gu%|sOu}adg'ªµªWfgfwQu}g[{}gK|§w
(0.5, 0)
w­¦{9t|µys
0.2
¼
|7± g±§¼
C := {(x, y) ∈ K, (x − 0.5)2 + y2 ≤ 0.22}.
hjug¥ua#u\|§wuadg¦dqQwe;|§
f
uadgf{g¦|§sCwdÂtgf-gfwtgfwfq#®g[{	O9w9u{}9ª
u 
ad#¨¦gf®9gf{¼fuadgxi ·s+adgfe;g
dQgsys}gOdqQwe;|§¸ua#u¥tg[g[w;­H%9w9u{}9ª
v
s|§w2½49Á¦½¹adg[wgx|§w;d{9u|§fg¦¨¦gxa¬®9g
Nu = 2
Á±
Ñw 	|§± _¨¦gfe;{}g%uadgÒ®Q||µª§|©uvq2ªµ9{|©uade w)uadgÒi  s}+agfe;guju}|§e;g
T = π
½¾aªµ­¸
uyd{wÁ¼r¨x|µu}a
Px = Py = 100
½¾w
∆t = 0.02
ÁWw
Px = Py = 200
½¾w
∆t = 0.01
Á±C`ba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T = 10π
½ ¿ ®9g'u}yd{ws+Á¼¨x|µu}a
Px = Py = 50
w
Px = Py = 100
½
∆t = 0.04
w
∆t = 0.02
{}gs³¯±ïÁ±¶²»gs}gfgu}a#uÒu}adg
i  s+adgfe;g;d{g[s}gfwQu%wd2®r|§s}|§dªµg@d|©ÀHys}|µ9w¯¼g[®gfw¶9w»)ª§wdu|µe;g'-gf{|µtÃ¼C¨xadgf{g[9slu}adg'®r|d|§ªµ|µuvq
ªµ9{|©uade Ðwuxs³ad#¨xw@­¹{¸u}adgÂf9s³g
T = 10π
Ð\a9s¸u}g[wtgfwq;u};t|µÀ-ys³gOe;{glw'e;{gj¨x|µu}a
u|µe;g9±
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+adgfe;g[s[± Bt|µÀHy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u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Px = Py = 25, 50
w
100
¨x|µu}a
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
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yd{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adgb­¹ª§ªµ#¨x|§wdlu{}9gu\d{dª§gfe
f(x, y, u) =
(
y
u
)
,
9w@%te'|µw
K = [−1, 1]2
¼Q¨x|©ua@9w9u{}9ª
u ∈ [−1, 1]
±	`badgu{gfu¥|s¥ vu}ad|§w'u{}9gu 
C := (0, 0)
±
hjyde;gf{|§[ª§ªµq9¼#u}a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i Rs+adgfe;gb|§s¥+ad9s}gfwÒs³Ou}a#u
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gfwQu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(∆x, ∆y)
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2uadg;|µw|©u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#u|s
Vi,j = 0
|µ­
(xi, yj) = (0, 0)
w
Vi,j = 1
u}adg[{}¨x|s³g
½¹u}ad|sWf{{}gs³-ws¯ulu+°9g
v0(x, y) = 1|x|≤∆x/2,|y|≤∆y/2
Á± 'jgf{g¸uadgxd{dª§gfe |§s\t|s{gu}|s}g[¨x|µu}a
uad{gfg%9w9u{}9ª§s
u ∈ {−1, 0, 1}
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g|§®g[w)|µw!C|§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9e;{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e±
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w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s³gf­¹ydª	d|§sy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s}|µ9wsw
­¹9{xadgfª§)ys}|µwd;ad|sxttg9±
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wdgfª9|µwj9ws³u}{yu|µ®9g
¨b¬q;rq'ys³|§wd;t|s}f{}gfu}gÂdd{¬«t|µe'u}|§w¯±-ªs³¼	lyd|µwfe;-|µ«_w)ot|µwQu³Ð×W|§gf{{}gOsvuyt|§g[_u}adg%[s}g
­H '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adgx°g[{}wdg[ªt|§s¥dd{¬«t|µe'u}g[rq°g[{}wdg[ª§s­
d|§s{gugÂdqQwe;|§[ª¯s}qtsvugfe'sxw_u}agfw)rq ¿ wd|µu}g°9gf{wdgfªs¦­ ¿ wd|µu}gt|s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ªµgfu
K
-g@9e;ujs³yds³gfuj­
X
±¦²gws³|tgf{
uadgt|µÀ-g[{}g[wQu}|ªÃ|§wª§ys}|µ9w 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x′(t) ∈ F (x)
­¹9{ª§eÒQsvuªµª
t ≥ 0,
x(0) = x0 ∈ K,
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g
F
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9|µwQu+sbu}aujfw{g[9+a@u}agÂu{gfux|µwu}|§e;g
t ≤ 10π
½¾i Ls}+agfe;gÁ
² |µu}a)uad|§s|µwfªµys³|§w¯¼r­¹9{ ¿ «tg[
ρ > 0
¼d¨¸g%9s}s}t|#u}glu}agt|§s{gugÂg«tdª§|§f|©ujs+adgfe;g 
{
xn+1−xn
ρ ∈ F (x
n)
­¹{ª§ª
n ≥ 1,
x0 = x0 ∈ K.
½79Á
²»gOdgfwdu}gOQq
Gρ
u}agOs}gu}Ð7®#ª§ydg'e'
Gρ = 1 + ρF
w;uadgOs}qtsvugfeá½49Á¥fwgl{}g[¨x{}|µu³ugfw
9s¦­¹ª§ªµ#¨s
xn+1 ∈ Gρ(x
n)
­¹{ªµª
n ≥ 0.
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a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|µ9ws³u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x0
gf«t|§s³usÒÓï¬Ö×±²»g'tgfwdu}g;|µu à |§
F (K)
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½¾¨x|©ua
K0 = K
Á¥|sxtg ¿ wdg[)9s¦­¹ª§ªµ#¨s
Kn+1 := {x ∈ Kn
s³y+a_u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#u
G(x)
⋂
Kn 6= ∅}
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uadgfw à |§
G(K) =
⋂+∞
n=0 K
n ±
'jg%wdg«rud{#®gsWuadg9wQ®9gf{g[wgl­Cu}adgÂ­¹9ªµª§#¨x|µwÒdd{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s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K
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X
ÌÄÍ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È#Æ
M := supx∈Ksupy∈F (x)‖y‖ < +∞    Ì01ËfÇ
Fρ := F +
M`
2 ρB
È  
Γρ := 1 + Fρ 
 ÎË 
lim
ρ→0
 ¾ÈÊ
Γρ(K) =
 "¾È9Ê
F (K).
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² |µu}a'wQq
h ∈ R
¨¦gxss³t|#ug
Xh
Â9ydwQudªµgbs}yds}gu\­
X
­¹{\|§ws³uwgbO{|§¨x|©u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h
±-$¯gu
Gh : Xh → Xh
 ¿ wd|©ugs³gfu³Ð×®#ª§ydg[e')w)'s}yds}gu
Kh ⊂ Dom(Kh)
±¥`badg ¿ wd|µu}gtqrwe;|fª
s}qtsvugfe 9s}s}t|#ug[@¨x|µu}a
Gh
|s
xn+1h ∈ Gh(x
n
h)
­¹9{ª§ª
n ≥ 0.
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ot|µwQu}Ð7W|§gf{{g ¿ {+s³u;{gfe'{}°tsu}au[¼¦|©­lu}adg2s}g[~Qydgfwg
(Knh )n
½¾¨x|©ua
K0h = Kh
Á|s'tg ¿ wdg[ s
­¹9ªµª§#¨s
Kn+1h := {x ∈ K
n
h
s}y+au}a#u
Gh(x)
⋂
Knh 6= ∅}
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uadgfw à |§
Gh(Kh) =
⋂+∞
n=0 K
n
h
±Wk29{}g[#®g[{[¼9u}adg[{}gÂgf«r|s³u
p
¿ wd|©ugs³y+a_ua#u à |§
Gh(Kh) = K
p
h
±
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Gr : X → X
s³y+a'u}au
∀x ∈ X
¼
Gr(x) = G(x) + rB
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G : X → X
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K
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Dom(G) 
 ËfÆ
r > 0
Ê+ËÌÄÍ+Î'Æ¹ÎdÈÆ #ÇOÈÅ Å
x ∈ Dom(Gr)
⋂
Xh

Gr(x)
⋂
Xh 6= ∅
WÆ¹ÎdË 
V iabGr(Kh) ⊂ V iabGr(K)
⋂
Xh

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KM`ρ
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h := (K + M`ρ
2) ∩ Xh.
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